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§1. Definition of Uy(g)

Data
I : an index set of simple roots
P: a free Z-module, called weight lattice
o; € P: simple roots (i € I)
h; € P* .= Hom(P,Z) : simple coroots

(, ) : an inner product on P
2(04@,)\)

(o, o)

satisfying (h;, A\) =

(VA € P)



Uq(g) is the algebra generated by symbols
e;, fin ¢" (h € P*) with defining relations:

zb: (—1)”e(n)e-e(b_n) =0

1 J 1

< ”fo for i % j
> (=M =0

=0 (hi,aj)  (g-Serre relations)

qn — q._n

[n]; .= = Z_]_ it = 1] - [nls,
d4; — 4;

el = ep/Inlyt, £ = 2/l

Ug(9) D Ug(sl,)i = (e, fir 1)
quantized 5[2




Uqs(g) D Uq(slz)i = (ei,fi,t;t> quantized sl

Def. A Ug(g)-module M is integrable if

o M = @ M,.
AEP

My, = {u e M ; qhu = q<h’>‘>u}.
e For any 1 € I, M is a union of finite-
dimensional Uq(s[z)i-modules.

= M~&,V, asa Uq(stz)z--module

Vo= w®,u®, .. W0y

UG U ey

¢ oy (4
tiut) = g 2,

fud? = v+ 11 8

ez-u,(/g) =M —-—v+1]; ul(/e_)l

Ji Ji Ji Ji
C(%) N C(%) Se o e e e e e e - (CED) _— C(%)
g Uy Uy 1 Uy
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§2. Crystal bases

K = C(q)
U
Ao ={f € K, f is regular at ¢ = 0}

V :a K-vector space
Def. (L,B)isalocal basisof Vatg=0
it

e [ is a free Ag-submodule of V such that

V=KQ L.
Ao

e B C L/qL is a basis as a C-vector space.

dimV = #B



M : an integrable Uy(g)-module

Def. (L,B) is a crystal basis of M if
e (L,B) is a local basis of M at ¢ = 0.

e For each 7 € I, we can find
a Uq(s[z)i-linear isomorphism

M ~ D, ng

(L,B) « {u{";0<k<a).

Define the modified root operators

e =0 " Vun, Fu=3, ",

where u =), fz'(n)un with e;up =0



&, fi - B— B||{0}

(£) -
_ U itfoO<k</
fi<u§f>>={ b+
0 it k=1¢

ei(uk ) =
0 if Kk =20.
b—" Fib
1-string
uge) ugz)
O i N L0
ei(b) b i (b)

(hi, Wt(b)) = @;(b) — €;(b)
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AePT:={\eP:(h,\ >0}
(dominant integral weight)

V(X)) = the irreducible Uy(g)-module
with highest weight A

= Ug(g)u) with defining relations

( (weight ) ¢huy=¢PMu, (YheP*)
(highest Weight) ejuy =0

N\

hi,\)+1
\ fz< + Ux = 0
Oint = the category
of integrable U,(g)-modules
such that

dim Uq""(g)u < oo foranyue M

Oint issemisimple Ojnt ={M; M ~H,V(\)}

U (9) = (ej;i € I) C Uy(g)
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Th. (Existence)

e V(M) has a unique crystal basis
(L(M\), B(\)) such that B(M\)y = {u)}.

o {bec B());&(b) =0 for Vi € I} = {uy}.

e B()\) is connected.

Th. (Uniqueness)

(L, B): a crystal basis of M

=
M ~ @, V()

(L,B) < @,(L(\w),B(A\)).
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1/
L
1/ \2
O/ \O
. -
R
\2
\O

the adjoint representation B(A1 + A»o)

O
N
A .

|
i

O-~N—0O0<~N—0

N /

1 2

~N 7
0
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Th. (Stability under ®)

M, integrable Uy(g)-modules (v =1, 2)

(Ly,By): a crystal basis of M,

=
e (L1 ® Ly, B1 ® B»)

is a crystal basis of M1 ® Mo>.

é;(b1) ® bo

éi(by ®by) = {bl 2 &;(bo)
7

fi(b1) ® by

f.(b1 ® by) = _
Jilbr @ 02) {bl®fi(b2)

@i(b1) > €;(b2)
pi(b1) < €i(b2)

©i(b1) > €;(b2)
©i(b1) < g4(bo).
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bo\\b1

O O O

O— 00— 0—0O | O
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(L,B): a crystal basis of M

M~ @ Vwt®d)).
beB
€i(b)=O Vi

Cor. (Decomposition theorem)

g;(b1 ®bp) =0
<= (b)) =0 and ¢g;(b2) < p;(b1)
< by =wuy and ¢g(ba) < (hyA)
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Example g= 5[n

I={1,2,...,n—1},
n

P = & Ze,
k=1

Qp = € — €41,

N = €1+ -+ € : the fundamental weights

B(A): [1]5[2] 2% ... K o i

B()\) C B(A1)®N,
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Example A= A1+ 2>+ A4
V(A CV(AD) ®V(A) @ V(A2) ® V(Ag)
B(\) € B(A1) ® B(A2) ® B(A2) ® B(Ag)
B(A;) C B(A\1)®"

Aa N Ao Mg

1 2 2 3
strictly l 4 4 5
increasing §)
>
increasing

3IR2|®I5X 2141 4/Q 6|7

in B(A1)®°
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Crystal basis of U, (g)

Uy () vy

e; € Endg (U (9))
eg(ab) = e,’i(a) b+ Ad(t;)a - e,’L-b, e;;(fj) = 4;;

el fi = (J?;_qu; e, +1 (g-boson)

B(g): the K-subalgebra generated by
the f;'s and e}'s of Endg (U, (g))
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gy the Lie algebra generated by e¢;'s
G4: the group with g4 as its Lie algebra,
C[G4]: the ring of functions on G4

D[G4]: thering of differential operators on G4

duality
=

D[G4] actson C[G4] U(gs)
q—1 duality

/.\
Bg) actson Ug(@)  Uy(a)
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Any u € U (g) is written as

U = Zfi(n)un where e%un =0
mn

Fw) =S "Wy, &) =Y £ Y,

B(U; (8)) = {fi,-- i1 mod qL(U; (9));
[ >0,41,...97 € 1}
C L(Uy ())/aL(Uy (9))

U, (g), called the crystal basis of U, (g).

h. (L(U; (9)),B(U, (g))) is a local basis of
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Global bases

K :=C(q) D Ag {functions regular at ¢ = 0}
Ao {functions regular at ¢ = oo}
A = Clg,q ]

V: a K-vector space

Lo C V: an Ag-module such that V = K ® Lg
Loo C Vi an Acc-module such that V = K® Lo

Vz C V: an A-module

Define the vector bundle ¥ on P!:

V is the space of meromorphic sections of ¥,

Lg is the germ of ¥ at ¢ =0,

Lo is the germ of ¥ at ¢ = oo,

V7 is the space of sections of ¥ over P1\ {0, co}.

E:=Vyz;NLgN L the space of global sections
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Prop. The following conditions are equivalent.

(i) EFE = Lo/qLo.
(i) (VzNqLo) @ (VzN Leo) == V7.

(iii) K®cE =V,
AQec B == Vg,

Ag®c EE == Lg
A @c EFE -~ L.

In such a case we say (Vy, Lg, L) is balanced.
G . LO/CILO =~ F.

B C Lg/qLg is a basis
= G(B) is a basis of V, V; and Lg, Lo

G(B) is called a global basis
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— K> K (¢g—q D

— U, (g) = U, (9)
a unique map such that

au=ua-1u (a€ K, ueU;(g)),

eu=-¢uand 1 =1

U; (g)z is the largest A-submodule of U (g)

such that e,gn)Uq_(g)Z c U, (g)z and
Ug(g)zN K CA

Th. (U;(9)z, LU, (9)), L(Uqg (9)))
IS balanced.

G: LU, (9))/aL(Uy (9)) — Uy (9)

G(B(U, (g))) is a basis of U, (g) (upper global
basis)
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LLascoux-Leclerc-Thibon-Ariki Theory

on

Affine Hecke algebra H# of type A and crystal
bases

Hﬁ IS a g-analogue of the affine Weyl group
ring

p € C* (usually written as q)

Def. HAisa C-algebra generated by T3,...T,,_1
and invertible elements Xq,... Xy
with the defining relation:

o (T;—p)(T;+p 1)=0

e braid relations  T;T; = T;T; (]i — j| > 1),
Ll = T 1151541

e X,;'s commute each other,

o X = Xiy1, T X;=X;T; (Fui+1)
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IcCr

Mod;(H4):the category of finite-dimensional
H4-modules such that all the eigen-
values of X; are in I

K;f} :— the Grothendieck group of the abelian
category Mod;(H4)

= generated by [M] (M € Mod;(H?))
with
[M] = [M'] + [M"] for exact sequences
O—-M —-M-—-M"—-0

It has a basis {[S]; [S] is a simple H;ff—modules}
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KA = @, K4 has a structure of a commutative
ring.

Hfﬁn is generated by

7\ 7\

~

T17T27° .- aTm—ia ITm 7Tm—|—17° .- 7Tm—|—n—1
X1, Xonoo oo Xy Xoppdseeeene- Xomtn

\ g

A A A
HA @ HA C HA

For an HA-module M and an H4-module N

HA
_ m-+n

[M] - [N] = [Ind, 20 (M @ N))

m m m

A A A
Km Kn Km—l—n

Hot A
Inng@Lﬁ(M@N) =H .y, ® (M®N)

HA @HA
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acl CC
eq : Kt — KA,

Mod(Hz) Mod;(H; 1)
W W
M {the generalized eigenspaces of}

Xn With eigenvalue a

y

2 ifa=25b
(a,b) =< —1 if a =p*2b
0] otherwise

\

Dynkin diagram

—4

- —|p~%a —2 2

p —a a pa

g is a union of
gl iIf pis not a root of unity,

ASYif p2 is a primitive £-th root of unity
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G 4. the group with the Lie algebra

g+ = {generated by the e;'s}

Th.
(i) C®z KA ~C[G4]

~the specialization of U, (g) at ¢ = 1,
(ii) the irreducible modules correspond to the
upper global basis (at ¢=1).

D(G+) acts on C[G4]=C®z K" D {simple modules}

B(g) actson U, (9)z D upper global basis

You see a new symmetry when

considering all the H4's at
onece.
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Conjectural L-L-T-A Theory for affine
Hecke algebra HZ of type B
(with Naoya Enomoto)

Dynkin diagram of type Bjp

po,p € C*

HB is a C-algebra generated by Ty, T4, ...Th_1

and invertible elements Xq,... Xy
with the defining relation:

o (T; —p)(Ti+p;)=0((p1="=py_1=0)
e braid relations T;T; = T;T; (i — j| > 1),
T;Ti1T; = T4 TiTi1 (47 0)
ToT1ToTy = T1ToT1To
e X,;,'s commute each other,
o T;X;T; = X;41 (i # 0),ToX1 'To = X1,
T;X; = X;T; (j #4,i+ 1)
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K,,lf :— the Grothendieck group of the abelian
category of finite-dimensional HZ-
modules

It has a basis {[S]; [S] is a simple Hﬁ—modules}

KB := @, KB has a structure of a (right) K4-
module.

Hﬁ+n is generated by

TO7T17°°°7Tm—17 Tm7 Tm—|—17"°7Tm—|—n—1
X1, X0,y Xy Xy dyeeeeennnl Kot
H#L HA

Ho @ Hy CcHE

For an HB-module M and an HA-module N

HB

_ m-+n
[M] - [N] = [Ind, 550 (M @ N))
M M M
KB k4 KB

m-+n
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Symmetric crystal

0: a Dynkin diagram involution I — I
without fixed points

E;, Fy, Kt € Endg (U (g)) defined by

Fi(a) = fia + (Ad(t)a) foiy,  Ei(a) = eja

Ki(a) := ¢t 0 e for g ¢ U7 (8)a

Ejo Fj = q "% Fj o By + 6; j + 8y K
K = Ky(;):
KiEqu;_l — q(o‘iao‘j+0‘0(j))Ej,

Bg(g): the subalgebra of End(U,; (g))
generated by E;, F;, K;
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Vp: the sub-K-module of U, (g) generated by 1
under the actions of the F;'s,

g-boson E;F; = q; °F;E; + 1
Vp is stable by E;’s

We define E;, F; similarly to &; and f;
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Conj.Vyp has a crystal basis and a

global basis.

Th.(Enomoto) the conjecture holds in the sym-
metric Cartan matrix case.

1— -1

I = C* as type A-case, 6(a) =a"1

6
T

...... O O O O O O

p> p3 p1  pl p> p°
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Conj.(rough statement) math.RT/0608079
(i) C®y KB is isomorphic to the special-
ization of Vp at g =1,

(ii) the irreducible modules correspond

to the upper global basis (at ¢=1).
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