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§1. Definition of Uq(g)

Data

I : an index set of simple roots

P: a free Z-module, called weight lattice

αi ∈ P : simple roots (i ∈ I)

hi ∈ P ∗ := Hom(P, Z) : simple coroots

( , ) : an inner product on P

satisfying 〈hi, λ〉 =
2(αi, λ)

(αi, αi)
(∀λ ∈ P )
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Uq(g) is the algebra generated by symbols

ei, fi, qh (h ∈ P ∗) with defining relations:

qh = 1 for h = 0, qh+h′
= qh qh′

,

qh ei q−h = q〈h,αi〉ei,

qh fi q−h = q−〈h,αi〉fi,

[ei, fj] = δij
ti − t−1

i

qi − q−1
i

with qi := q(αi,αi)/2, ti := q
hi
i = q

(αi,αi)
2 hi,

b∑
n=0

(−1)ne
(n)
i eje

(b−n)
i = 0

for i 6= j
b∑

n=0
(−1)nf

(n)
i fjf

(b−n)
i = 0

b = 1 − 〈hi, αj〉 (q-Serre relations)

[n]i :=
qn
i − q−n

i

qi − q−1
i

, [n]i! := [1]i · · · [n]i,

e
(n)
i := en

i /[n]i!, f
(n)
i := fn

i /[n]i!.

Uq(g) ⊃ Uq(sl2)i = 〈ei, fi, t
±
i 〉

quantized sl
2
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Uq(g) ⊃ Uq(sl2)i = 〈ei, fi, t
±
i 〉 quantized sl

2

Def. A Uq(g)-module M is integrable if

• M =
⊕

λ∈P
Mλ.

Mλ =
{
u ∈ M ; qhu = q〈h,λ〉u

}
.

• For any i ∈ I, M is a union of finite-

dimensional Uq(sl2)i-modules.

⇒ M '
⊕

ν V`ν as a Uq(sl2)i-module

V` = 〈u(`)
0 , u

(`)
1 , . . . , u

(`)
` 〉

tiu
(`)
ν = q`−2ν

i u
(`)
ν ,

fiu
(`)
ν = [ν + 1]i u

(`)
ν+1,

eiu
(`)
ν = [` − ν + 1]i u

(`)
ν−1.

fi fi fi fi©−−−→©−−−→· · · · · · · · ·−−−→ © −−−→©
u
(`)
0 u

(`)
1 u

(`)
`−1 u

(`)
`
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§2. Crystal bases

K = C(q)

∪
A0 = {f ∈ K; f is regular at q = 0}

V : a K-vector space

Def. (L, B) is a local basis of V at q = 0

if

• L is a free A0-submodule of V such that

V = K ⊗
A0

L.

• B ⊂ L/qL is a basis as a C-vector space.

dimV = #B
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M : an integrable Uq(g)-module

Def. (L, B) is a crystal basis of M if

• (L, B) is a local basis of M at q = 0.

• For each i ∈ I, we can find

a Uq(sl2)i-linear isomorphism

M '
⊕

ν V`ν

(L, B) ↔ {u(`ν)
k ; 0 ≤ k ≤ `ν}.

Define the modified root operators

ẽiu =
∑

n f
(n−1)
i un, f̃iu =

∑
n f

(n+1)
i un

where u =
∑

n f
(n)
i un with eiun = 0
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ẽi, f̃i : B → B
⊔
{0}

f̃i(u
(`)
k ) =


u
(`)
k+1 if 0 ≤ k < `

0 if k = `

ẽi(u
(`)
k ) =


u
(`)
k−1 if 0 < k ≤ `

0 if k = 0.

b
i−→ f̃ib

i-string

u
(`)
0 u

(`)
`

© i−→ · · · · · · i−→︸ ︷︷ ︸
εi(b)

©
b

i−→ · · · · · · i−→︸ ︷︷ ︸
ϕi(b)

©

〈hi,wt(b)〉 = ϕi(b) − εi(b)

For any i, B is a disjoint union of i-strings .
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λ ∈ P+ := {λ ∈ P : 〈hi, λ〉 ≥ 0}
(dominant integral weight)

V (λ) := the irreducible Uq(g)-module
with highest weight λ

= Uq(g)uλ with defining relations
(weight λ) qhuλ=q〈h,λ〉uλ (∀h∈P ∗)

(highest weight) eiuλ = 0

f
〈hi,λ〉+1
i uλ = 0

Oint := the category

of integrable Uq(g)-modules

such that

dimU+
q (g)u < ∞ for any u ∈ M

Oint is semisimple Oint = {M ;M '
⊕

ν V (λν)}

U+
q (g) := 〈ei; i ∈ I〉 ⊂ Uq(g)
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Th. (Existence)

• V (λ) has a unique crystal basis

(L(λ), B(λ)) such that B(λ)λ = {uλ}.

• {b ∈ B(λ); ẽi(b) = 0 for ∀i ∈ I} = {uλ}.

• B(λ) is connected.

Th. (Uniqueness)

M ∈ Oint

(L, B): a crystal basis of M

⇒
M '

⊕
ν V (λν)

(L, B) ↔
⊕

ν(L(λν), B(λν)).
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g = sl3 B(2Λ1) ◦
1rrrrrrrr

xxrrrrrrrr

◦
1rrrrrrrr

xxrrrrrrrr 2
LLLLLLLL

&&LLLLLLLL

◦
2

LLLLLLLL

&&LLLLLLLL

◦
1rrrrrrrr

xxrrrrrrrr

◦
2

LLLLLLLL

&&LLLLLLLL

◦

the adjoint representation B(Λ1 + Λ2)

◦
1

ttt
ttt

t

zzttt
ttt

t 2
JJJ

JJJ
J

$$JJJ
JJJ

J

◦
2

²²

◦
1

²²◦
2

²²

◦
1

²²◦
1

JJJ
JJJ

J

$$JJJ
JJJ

J

◦
2

ttt
ttt

t

zzttt
ttt

t

◦
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Th. (Stability under ⊗)

Mν: integrable Uq(g)-modules (ν = 1, 2)

(Lν, Bν): a crystal basis of Mν

⇒
• (L1 ⊗ L2, B1 ⊗ B2)

is a crystal basis of M1 ⊗ M2.

•

ẽi(b1 ⊗ b2) =

ẽi(b1) ⊗ b2 ϕi(b1) ≥ εi(b2)

b1 ⊗ ẽi(b2) ϕi(b1) < εi(b2)

f̃i(b1 ⊗ b2) =

f̃i(b1) ⊗ b2 ϕi(b1) > εi(b2)

b1 ⊗ f̃i(b2) ϕi(b1) ≤ εi(b2).
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b2�b1 ©−→©−→©

© ©−→©−→©y y
© ©−→© ©y y y
© © © ©y y y y
© © © ©

b2�b1 ©−→©−→©−→©−→©

© ©−→©−→©−→©−→©y y
© ©−→©−→©−→© ©y y y
© ©−→©−→© © ©y y y y
© ©−→© © © ©
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Cor. M ∈ Oint

(L, B): a crystal basis of M

⇒ M '
⊕

b∈B

εi(b)=0 ∀i

V (wt(b)).

Cor. (Decomposition theorem)

V (λ) ⊗ V (µ) '
⊕

b∈B(µ)

εi(b)≤〈hi,λ〉 ∀i

V (λ + wt(b)).

∵ εi(b1 ⊗ b2) = 0

⇐⇒ εi(b1) = 0 and εi(b2) ≤ ϕi(b1)

⇐⇒ b1 = uλ and εi(b2) ≤ 〈hi, λ〉
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Example g = sl
n

I = {1,2, . . . , n − 1},

P =
n⊕

k=1
Zεk,

αk = εk − εk+1,

Λk = ε1 + · · · + εk : the fundamental weights

B(Λ1): 1
1−→ 2

2−→ · · · · · · n−2−−−→ n-1
n−1−−−→ n

Th.

B(λ) =
the set of semi-standard Young

tableaux with shape λ.

B(λ) ⊂ B(Λ1)
⊗N ,
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Example λ = Λ1 + 2Λ2 + Λ4

V (λ) ⊂ V (Λ1) ⊗ V (Λ2) ⊗ V (Λ2) ⊗ V (Λ4)

B(λ) ⊂ B(Λ1) ⊗ B(Λ2) ⊗ B(Λ2) ⊗ B(Λ4)

B(Λi) ⊂ B(Λ1)
⊗i

Λ4 Λ2 Λ2 Λ1

strictly

increasing

y
1 2 2 3
4 4 5
6
7

−−−−−→
increasing

3 ⊗ 2 ⊗ 5 ⊗ 2 ⊗ 4 ⊗ 1 ⊗ 4 ⊗ 6 ⊗ 7

in B(Λ1)
⊗9
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Crystal basis of U−
q (g)

U−
q (g) // //

;
''OOOOOOOOOOOOOOOOOOOO

V (λ)

lim←−
λ

V (λ)

77pppppppppppppppppppp

e′i ∈ EndK(U−
q (g))

e′i(ab) = e′i(a) · b + Ad(ti)a · e′ib, e′i(fj) = δij

e′i · fi = q−2
i fi · e′i + 1 (q-boson)

e′i · fj = q−(αi,αj)fj · e′i (i 6= j)

B(g): the K-subalgebra generated by

the fi’s and e′i’s of EndK(U−
q (g))
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g+: the Lie algebra generated by ei’s

G+: the group with g+ as its Lie algebra,

C[G+]: the ring of functions on G+

D[G+]: the ring of differential operators on G+

D[G+] acts on C[G+]
xx

duality
''

U(g+)

B(g) acts on

q→1

KS

U−
q (g)

xx

duality
''

U−
q (g)
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Any u ∈ U−
q (g) is written as

u =
∑
n

f
(n)
i un where e′iun = 0

f̃i(u) =
∑
n

f
(n+1)
i un, ẽi(u) =

∑
n

f
(n−1)
i un

L(U−
q (g)) =

∑
A0f̃i1 · · · f̃il1,

B(U−
q (g)) =

{
f̃i1 · · · f̃il1 mod qL(U−

q (g)) ;

l ≥ 0, i1, . . . il ∈ I}
⊂ L(U−

q (g))/qL(U−
q (g))

Th. (L(U−
q (g)), B(U−

q (g))) is a local basis of

U−
q (g), called the crystal basis of U−

q (g).
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Global bases

K := C(q) ⊃ A0 := {functions regular at q = 0}
A∞ := {functions regular at q = ∞}
A := C[q, q−1]

V : a K-vector space

L0 ⊂ V : an A0-module such that V = K ⊗ L0

L∞ ⊂ V : an A∞-module such that V = K⊗L∞

VZ ⊂ V : an A-module

Define the vector bundle V on P1:

V is the space of meromorphic sections of V ,

L0 is the germ of V at q = 0,

L∞ is the germ of V at q = ∞,

VZ is the space of sections of V over P1 \ {0,∞}.

E := VZ ∩ L0 ∩ L∞ the space of global sections
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Prop. The following conditions are equivalent.

(i) E −→∼ L0/qL0.

(ii) (VZ ∩ qL0) ⊕ (VZ ∩ L∞) −→∼ VZ.

(iii) K ⊗C E −→∼ V,

A ⊗C E −→∼ VZ,

A0 ⊗C E −→∼ L0

A∞ ⊗C E −→∼ L∞.

In such a case we say (VZ, L0, L∞) is balanced.

G : L0/qL0 −→∼ E.

B ⊂ L0/qL0 is a basis

⇒ G(B) is a basis of V , VZ and L0, L∞

G(B) is called a global basis
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− : K → K (q 7→ q−1)

− : U−
q (g) → U−

q (g)

a unique map such that

au = a · u (a ∈ K, u ∈ U−
q (g)),

eiu = eiu and 1 = 1

U−
q (g)Z is the largest A-submodule of U−

q (g)

such that e
(n)
i U−

q (g)Z ⊂ U−
q (g)Z and

U−
q (g)Z ∩ K ⊂ A

Th. (U−
q (g)Z, L(U−

q (g)), L(U−
q (g)))

is balanced.

G : L(U−
q (g))/qL(U−

q (g)) → U−
q (g)

G(B(U−
q (g))) is a basis of U−

q (g) (upper global

basis)
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Lascoux-Leclerc-Thibon-Ariki Theory

on

Affine Hecke algebra HA
n of type A and crystal

bases

HA
n is a q-analogue of the affine Weyl group

ring

p ∈ C∗ (usually written as q)

Def. HA
n is a C-algebra generated by T1, . . . Tn−1

and invertible elements X1, . . . Xn

with the defining relation:

• (Ti − p)(Ti + p−1) = 0

• braid relations TiTj = TjTi (|i − j| > 1),
TiTi+1Ti = Ti+1TiTi+1

• Xi’s commute each other,

• TiXiTi = Xi+1, TiXj = XjTi (j 6= i, i + 1)
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I ⊂ C∗

ModI(H
A
n ):the category of finite-dimensional

HA
n -modules such that all the eigen-

values of Xi are in I

KA
n := the Grothendieck group of the abelian

category ModI(H
A
n )

= generated by [M ] (M ∈ ModI(H
A
n ))

with
[M ] = [M ′] + [M ′′] for exact sequences

0 → M ′ → M → M ′′ → 0

It has a basis
{
[S]; [S] is a simple HA

n -modules
}

24



KA =
⊕

n KA
n has a structure of a commutative

ring.

HA
m+n is generated by︷ ︸︸ ︷

T1, T2, . . . , Tm−1, Tm ,
︷ ︸︸ ︷
Tm+1, . . . , Tm+n−1

X1, X2, . . . . . . . . . , Xm︸ ︷︷ ︸
HA

m

, Xm+1, . . . . . . . . . , Xm+n︸ ︷︷ ︸
HA

n

HA
m ⊗ HA

n ⊂ HA
m+n

For an HA
m-module M and an HA

n -module N

[M ] · [N ] =
[
Ind

HA
m+n

HA
m⊗HA

n
(M ⊗ N)

]
∩ ∩ ∩

KA
m KA

n KA
m+n

Ind
HA

m+n

HA
m⊗HA

n
(M ⊗ N) = HA

m+n ⊗
HA

m⊗HA
n

(M ⊗ N)
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a ∈ I ⊂ C∗,

ea : KA
n → KA

n−1

ModI(H
A
n ) ModI(H

A
n−1)

∪ ∪
M 7−→

{
the generalized eigenspaces of

Xn with eigenvalue a

}

(a, b) =


2 if a = b

−1 if a = p±2b

0 otherwise

Dynkin diagram

· · · p−4a p−2a a p2a p4a · · ·

g is a union of

gl∞ if p is not a root of unity,

A
(1)
` if p2 is a primitive `-th root of unity
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G+: the group with the Lie algebra

g+ = {generated by the ei’s}

Th.

(i) C ⊗Z KA ' C[G+]

'the specialization of U−
q (g) at q = 1,

(ii) the irreducible modules correspond to the

upper global basis (at q=1).

D(G+) acts on C[G+] ∼ C ⊗Z KA ⊃ {simple modules}

B(g) acts on U−
q (g)Z

q→1

KS

⊃ upper global basis

You see a new symmetry when
considering all the HA

n ’s at
onece.
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Conjectural L-L-T-A Theory for affine
Hecke algebra HB

n of type B
(with Naoya Enomoto)

Dynkin diagram of type Bn

◦ ◦ks ◦ · · · · · · ◦
0 1 2 n − 1

p0, p ∈ C∗

HB
n is a C-algebra generated by T0, T1, . . . Tn−1

and invertible elements X1, . . . Xn

with the defining relation:

• (Ti − pi)(Ti + p−1
i ) = 0 (p1 = · · · = pn−1 = p)

• braid relations TiTj = TjTi (|i − j| > 1),
TiTi+1Ti = Ti+1TiTi+1 (i 6= 0)
T0T1T0T1 = T1T0T1T0

• Xi’s commute each other,

• TiXiTi = Xi+1 (i 6= 0), T0X−1
1 T0 = X1,

TiXj = XjTi (j 6= i, i + 1)
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KB
n := the Grothendieck group of the abelian

category of finite-dimensional HB
n -

modules

It has a basis
{
[S]; [S] is a simple HB

n -modules
}

KB :=
⊕

n KB
n has a structure of a (right) KA-

module.

HB
m+n is generated by

T0, T1, . . . , Tm−1, Tm, Tm+1, . . . , Tm+n−1
X1, X2, . . . , Xm︸ ︷︷ ︸

HB
m

, Xm+1, . . . . . . . . . , Xm+n︸ ︷︷ ︸
HA

n

HB
m ⊗ HA

n ⊂ HB
m+n

For an HB
m-module M and an HA

n -module N

[M ] · [N ] =
[
Ind

HB
m+n

HB
m⊗HA

n
(M ⊗ N)

]
∩ ∩ ∩

KB
m KA

n KB
m+n
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Symmetric crystal

θ: a Dynkin diagram involution I → I

without fixed points

Ei, Fi, K
±1
i ∈ EndK(U−

q (g)) defined by

Fi(a) = fia + (Ad(ti)a)fθ(i), Ei(a) = e′ia

Ki(a) := q(αi+αθ(i),α)a for a ∈ U−
q (g)α

Ei ◦ Fj = q−(αi,αj)Fj ◦ Ei + δi,j + δθ(i),jKi

Ki = Kθ(i):

KiEjK
−1
i = q(αi,αj+αθ(j))Ej,

KiFjK
−1
i = q−(αi,αj+αθ(j))Fj,

Bθ(g): the subalgebra of End(U−
q (g))

generated by Ei, Fi, Ki
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Vθ: the sub-K-module of U−
q (g) generated by 1

under the actions of the Fi’s,

q-boson EiFi = q−2
i FiEi + 1

Vθ is stable by Ei’s

We define Ẽi, F̃i similarly to ẽi and f̃i
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Conj.Vθ has a crystal basis and a

global basis.

Th.(Enomoto) the conjecture holds in the sym-

metric Cartan matrix case.

1
¦¦ ¼¼

−1

◦ 1 //

−1
// ◦ · · ·

◦ 1 //

−1
// ◦

1 33hhhhhhhhh

−1
TTT

**TTTφ
1 //

−1
// ◦

1 44jjjjjjjjj

−1 **TTTTTTTTT ◦ 1 //

−1
// ◦ · · ·

◦ 1 //

−1
// ◦ 1jjjj

44jjjj

−1 ++VVVVVVVVV

◦ 1 //

−1
// ◦ · · ·

I = C∗ as type A-case, θ(a) = a−1

· · · · · · ◦ vv

θ

((◦ vv ((◦ ww ''◦ ◦ ◦ · · · · · ·
p−5 p−3 p−1 p1 p3 p5

32



Conj.(rough statement) math.RT/0608079

(i) C⊗ZKB is isomorphic to the special-

ization of Vθ at q = 1,

(ii) the irreducible modules correspond

to the upper global basis (at q=1).
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